We generalize the Niven constant and the Feller-Tornier constant using the same method of proof. Using this method we also obtain a strong connection between the Prime Zeta Function and generalizations of the well-known arithmetical functions ω(n) and Ω(n). For last, we use this method in a new proof of a general theorem on composite numbers proved by the author in a former article.
Introduction and Preliminary Notes
Let us consider the prime factorization of a positive integer n = q where the q i (i = 1, . . . , r) (r ≥ 1) are the different primes in the prime factorization and the s i (i = 1, . . . , r) are the multiplicities or exponents. We need the following well-known arithmetical functions, ω(n) = r is the number of different prime factors in the prime factorization of n, Ω(n) = s 1 + · · · + s r is the total number of prime factors in the prime factorization of n, σ(n) denotes the sum of the positive divisors of n, k(n) = q 1 · · · q r denotes the kernel of n and hence σ(k(n)) = (q 1 + 1) · · · (q r + 1).
The functions ω(n) and Ω(n) were studied by G. H. Hardy and S. Ramanujan in 1917 [4] . They obtained, among other results, the following formulae n≤x ω(n) = x log log x + M x + o(x), n≤x Ω(n) = x log log x + M + p 1 p(p − 1)
where M is Mertens's constant. In the same paper they define the normal order of an arithmetical function and they prove that the normal order of ω(n) and Ω(n) is log log n.
In this article we generalize the functions ω(n) and Ω(n). Let ω k (n) be the number of exponents in the prime factorization of n greater than or equal to k (note that ω 1 (n) = ω(n)). On the other hand, let Ω k (n) be the sum of the exponents greater than or equal to k in the prime factorization of n (note that Ω 1 (n) = Ω(n)). We study the sums
and we prove that there is a strong connection between these sums and the prime zeta function. In particular, we obtain the formulae
Besides, we consider some constants that depend of frequencies of integers with specifies divisibility properties.
In 1933, W. Feller and E. Tornier [1] studied the density of integers that have an even number of prime factors p a i i with a i > 1 in their prime factorization. This density is named Feller-Tornier constant. Feller and Tornier give for their constant the formula
In this article we study the more general problem of the density of integers such that they have a number t of prime factors p
i with a i > 1 and t ≡ h (mod m) (h = 0, 1, . . . , m − 1). Moreover we generalize these results to powerfull numbers.
Let H(n) be the greatest exponent in the prime factorization of n. In 1969, I. Niven [9] studied the sum n k=1 H(k) and proves that n k=1 H(k) = N n+o(n) where N is named Niven constant. Niven gives for his constant the formula
where ζ(s) denotes the Riemann zeta function.
In this article we generalize the Niven's work and prove the formula
where N α is a constant depending of α and α is a real number. Moreover we generalize this result to powerfull numbers.
Finally, we prove a general theorem on the distribution of certain composite numbers.
These different problems are proved using the same method of proof. A number is squarefree or quadratfrei if either it is the product of distinct primes or 1. That is, its prime factorization is of the form q 1 · · · q r donde the q i (i = 1, . . . , r) (r ≥ 1) are the distinct primes. Let Q(x) be the number of quadratfrei numbers not exceeding x. We have the following formula (see, for example, either [3] or [6] ).
Lemma 1.1 Let Q q 1 ···qr (x) the number of quadratfreis not exceeding x relatively primes to the quadratfrei q 1 · · · q r . The following formula holds.
Proof. See [5] . The lemma is proved.
Let s be an arbitrary but fixed positive integer. A number is s-full if all the distinct primes in its prime factorization have multiplicity (or exponent) greater than or equal to s. That is, the number q
. We shall denote a general s-full number n s . If s = 1 we obtain the positive integers. If s = 2 the numbers are called square-full.
Let A s (x) be the number of s-full numbers not exceeding x.
Lemma 1.2 Let s be an arbitrary but fixed positive integer. The following asymptotic formula holds
where if n = 1 we put σ(k(1)) = 1
Proof. See [7] . The lemma is proved. Lemma 1.3 Let s ≥ 1 an arbitrary but fixed integer and let α be an arbitrary but fixed positive real number. The following series converges. (Ω (q
where the sum run on all (s + 1)-full numbers q
Proof. Let a n be the n-th (s + 1)-full number and let A s+1 (x) be the number of (s + 1)-full numbers not exceeding x. We have (see Lemma 
x, where c 1 is a constant. Therefore if x = a n we obtain n = A s+1 (a n ) ∼ c 1 s+1 √ a n , that is, a n ∼
On the other hand, we clearly have
Consequently Ω(a n ) ≤ c 3 log a n ∼ c 4 log n. Now, the lemma follows by the Comparison Criterion since the series
converges. The lemma is proved.
Main Results
Let H(n) be the greatest multiplicity or exponent in the prime factorization of n. In the following theorem we study the sum
where α is a fixed but arbitrary real number and the sum run on all s-full numbers n s not exceeding x. In particular, if s = 1 then we obtain the positive integers n 1 = n and the sum becomes
The case α = 1 in the sum (2) was studied by Niven (see either [9] or [2] ). The case α = −1 in the sum (2) was also studied (see [2] ).
Theorem 2.1 Let α be an arbitrary but fixed real number and s ≥ 1 an arbitrary but fixed positive integer. The following asymptotic formulae hold
where the constant D s,α is given by the series
and the sum run on all (s + 1)-full numbers q
Proof. By Lemma 1.1 we have
Let us consider a fixed (s + 1)-full number q
In all is proof we consider only these (s + 1)-full numbers. The number of s-full numbers not exceeding x with is fixed (s + 1)-full part will be (see (5))
We put
Note that by Lemma 1.3 this series converges since H(n) ≤ Ω(n). Let > 0. We choose the (s + 1)-full A such that the following inequality holds. 
Consequently we also have
Now, we have (see (6) , (7) and (9))
Note that (see (8))
Equation (10) can be written in the form
Consequently (see (9) and (11)) we have
Now, since > 0 can be arbitrarily small we have
On the other hand, the contribution of the s-full numbers of the form (
is (see (1))
Equations (12), (13) and (7) give (3) and (4). The theorem is proved.
Remark 2.2
Note that if α = 0 then Theorem 2.1 becomes Lemma 1.2, hence this is another proof of Lemma 1.2. Note also that in this case
Let us consider the prime factorization of a s-full number q mod m) (h = 0, 1, 2, . . . , m − 1) . This establish a partition of the s-full numbers with some s i > s in m disjoint sets B m,h,s . Let B m,h,s (x) be the number of elements in the set B m,h,s not exceeding x. The case s = 1 and m = 2 was studied by Feller and Tornier (Feller-Tornier constant) (see either [1] or [2] ) and also is studied as a particular case in the following theorem. Proof. The proof is the same as the proof of Theorem 2.1. The theorem is proved. Now, we shall generalize the arithmetical functions ω(n) and Ω(n). Let us consider the prime factorization of a positive integer n. Let ω k (n) ≥ 0 be the number of multiplicities or exponents greater than or equal to k in the prime factorization of n, then ω 1 (n) = ω(n). On the other hand, let Ω k (n) ≥ 0 be the sum of the multiplicities or exponents greater than or equal to k in the prime factorization of n, then Ω 1 (n) = Ω(n). In the following theorem we shall see that the well-known Prime Zeta Function is related with these generalized arithmetical functions, the sum of the divisors of the kernel function and the π number.
Theorem 2.5 Let k ≥ 2 be an arbitrary but fixed integer. The following formulae hold
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In particular, if k = 2 we obtain
.
Proof. We have
On the other hand, a similar proof as Theorem 2.1 (working only with squarefull numbers) give us
where the sum run on all square-full numbers q 
Equations (16), (17) and (18) give (14). We have the following two well-known formulae (see [3] )
n≤x Ω(n) = x log log x + M + p 1 p(p − 1)
x + o(x),
where M is called Mertens's constant. We have (see (19) and (20) Proof. The proof is similar to the proof of Theorem 2.1. The theorem is proved.
